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Answer all 6 (six) questions. Figures in the right margin indicate full marks of questions.

‘The Navy's new underwater digital communication system is not perfect. In any sufficiently long
period of operation, the number of communication errors can be modeled as a Poisson random
variable X, ie., X ~ Poisson(x), where the parameter  represents the average number of errors
occurring in the time period.

‘The contractor, Poseidon Systems Incorporated, responsible for developing this system, having
realized that the communication system is not perfect, has implemented an error detection sys-
tem at the receiver. Unfortunately, the error detection system is not perfect either. Given that
X errors occur, only Y of those errors are detected, Y < X. Y is a random variable with a bi-
nomial distribution conditioned on random variable X, i, Y|X ~ binom(x, p), where p is the
probability of detecting a single error.

To make matters worse, the contractor, Poseidon Systems Incorporated, who had never heard of
the Poisson distribution, thought that their system was being dubbed by the Navy as a “Poseidon
random variable.” and threatened to sue.

‘The admiral in charge of has called fora

and has requured the cnnuacmr m comp\ll= fr(y). the mzrg\vml PMF (m the number of errors
1y the number

of errors cunzctcd The admlml 1§ graduate of the Naval Postgraduate School wth a master’s

degree in operations research, and claims that both of these distributions are Poisson.

Find the marginal PDF of Y and the conditional PMF of X|Y to show whether the admiral is

correct or not.

. A Canadian pharmaceutical company has developed three types of Corona virus vaccines. Sup-

pose that vaccines I, 11, and I are effective 92%, 88%, and 96% of the time, respectively. Assume
that a person reacts to the Corona vaccine independently of other people. The company sends to
Sangala, a fictitious nation, hundreds of qualified vaccine carrier containers containing 100 ml
vaccine bottles each filled with one of the three types of the Corona vaccines. Suppose that the
bottles of 40% of the containers are filled with only the type I vaccine, and the bottles of 35% and
25% of the containers are filled only with type Il and type III vaccines, respectively.
In Sangala, a physician assistant takes one of the containers at random to a small village and
using its contents, vaccinates s entire 200-people population. It is certain that sooner or later
every member of the village wil be exposed to the Corona virus. Find the probability that at most
6 of the villagers will become sick with Corona.

. A point s selected at random lmm the disk

={xy)er ¥

Let X be the x-coordinate and ¥ be the y-coordinate ur the point selected. Find the joint PDF
and marginal PDFs of X and Y. Determine if X and Y are independent random variables.




4. The joint probability density function (JPDF) of random variables X and ¥ be given by

{1 forl<xo0<x<y
FxrleN) =1 o, otherwise

Find E[X|Y = y] and E[Y|X = x].

. Astraight rod i formed by connecting three sections A, B, and C, each of which is manufactured
on a different machine. The length of section A, in inches, has the normal distribution with
mean 20 and variance 0.04. The length of section B, in inches, has the normal distribution with
mean 14 and variance 0.01. The length of section C. in inches, has the normal distribution with
‘mean 26 and variance 0.04. As indicated in Fig. 1, the three sections are joined so that there is
an overlap of 2 inches at each connection. Suppose that the rod can be used in the construction
ofan ing fits total length in 55.7and 56.3. Find the probability that
the rod can be used in the construction of the airplane wing

[Note: The sum of a number of Gaussian random variables is also a Gaussian random variable.]
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Figure 1: Figure for Question

Customers enter a department store following the Poisson distribution at the rate of three per
‘minute. 1f 30% of them buy nothing, 20% pay cash, 40% use credit cards, and 10% use bKash, find
the probability that in five operating minutes of the store, five customers use credit cards, two,
use bKash, and three pay cash.
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