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Math 4441: Probability and Statistics
Programmable calculators are not allowed. Do not \\’rite anything on the question paper.
Answer all 7 (seven) questions. Figures in the right margin indicate full marks of questions with

corresponding COs and POs in parentheses. Assume any missing values.

a) There are 100 questions in a test. Suppose that, for all s > 0 and r > 0, the event that it
takes [ minutes to answer one question is independent of the event that it takes s minutes to
answer another one. If the time that it takes t( I answer a question is exponential with mean
1/21 hnd the distribution, the average time, and the standard deviation of the time it takes to
do the entire test.

b) Suppose that b is a random number from the iIrten'al (–3, 3). Determine the probabilitY that
the quadratic equation x2 + bx + 1 = 0 has at least one real root.

1.

c) The scores on an achievement test given to 1(10,000 students are normally distributed with
mean 500 and standard deviation 100. What should the score of a student be to place him
among the top 10% of all students?

2. A coin1 having probability p of landing heads, is continually flipped until at least one head and

one tail have been flipped.

Find the expected number of flips needed.

Find the expected number of flips that land on heads.

Find the expected number of flips that land on tails.

Repeat Question 2.a in the case where flipping is continued until a total of at least two heads
and one tail have been flipped,

a)
b)
C)

d)

a) Let X and Y be independent exponential random variables, each with parameter a. Find the
distribution function of X + Y.

3.

b) Suppose that the time it takes for a novice secretary to type a document is exponential with
mean 1 hour. If at the beginning of a certain eight-hour working daY, the secretarY receives
12 documents to type, hnd the probability that she will finish them all by the end of the daY.

8 6]T and co-Let X is a 3-dimensional Gaussian random vector with expected value #x = [44.
variance matrIX

„=[; –:=]
-2
4

-2

a) Calculate the correlation matrix, Rx.
b) Calculate the joint PDF of the hrst two components of X, fx, x, (x,, x,),

10
(COI)
(POI)

10
(COI)
(POI)

10

(COI)
(PO])

(C02)
(P02)

10

5

5

5

10
(C02)
(P02)

10
(COI)
(POI)

(COI)
(POI)

4

7
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c) Calculate the covariance matrix of Y = AX +- b, where

A = [ i _1{72 : lit andb= [–4 –4]".

4\

5 a)
Suppose X is a discrete random v;!riable n'ilt the following probability mass hlnction:

T0 1 2 3X

10
(C03)
(P04)aPEat PT –o

where 0 $ 0 $ 1 is a parameter. The following 10 independent observations were taken
from such a distribution: (3, 0, 2, ] , 3, 2, 1, 0, 1', 1)

Find the maximum likelihood estimate of the parameter O

b) Suppose ;V1 , X2, ... , X„ are i.i.d. random variables with the following probability density func-tIon 10
(C03)
(P04)

/,(* 1') = :

Find the maximum likelihood estimate of a

X for – mS x g +m;
otherwise

6. a) Apple Tree Supermarket is considering opening a new store at a certain locationJ but wants
to know if average weekly sales will reach $2-'.0,000. Apple Tree estimates weekly gross sales
at nearby stores by sending held workers to collect observations. The held workers collect
40 samples and arrive at a sample mean of $263,590. Suppose the standard deviation of the
sales is known to be $42,000. Find a 90% confldence interval for the population mean p.

Suppose we monitor 30 computer programmers with and without music. Suppose the sam-
pIe average number of lines of code produced without music is 195 and with music that is

185. Suppose the population variances for both cases are known and have respective values
of 580 and 444 for programmers without and with music. Find the 95% confldence interval
for the difference of average number of lines of code produced without and with music.

8
(C03)
(P04)

b) 10
(C03)
(P04)

7. a) Bottles of mango juice nominally contain 1000 millilitres. After the introduction of a new
method of fllling the bottles, there is a suspic-ion that the mean volume of mango juice in a
bottle has changed.

In order to investigate the suspicion, a random sample of 12 bottles of mango juice is taken
and the volume of mango juice in each is measured.

The volumes, in millilitres, of mango juice in these bottles are found to be:
996 1006 1009 999 1007 1003
998 1010 997 996 1008 1007

Assuming that the volume of mango juice in a bottle is normally distributed) investigate1 at
the level of 5% signifrcance, whether the mean volume of mango juice in a bottle differs from
1000 millilitres.

10
(C03)
(P04)

b) An independent testing agency was hired to study whether or not the work output is differ-
ent for construction workers employed by the state and receiving prevailing wages versus
construction workers in the private sector who are paid rates determined by the free market.
A sample of 10 state workers reveals an average output of 69,7 parts per hour with a sample
standard deviation of 18 parts per hour. A sample of 10 private sector workers reveals an av-
erage outPut of 74.3 parts per hour with a sample standard deviation of 16 parts per hour. In
developing your answer, you may assume that the unknown variances are equal. Construct
a hypothesis test at the 0.10 level of significance indicating whether there is any evidence of
a difference in the productivity level of the state and private sector workers. Also, find the
p-value of the test

12
(C03)
(P04)
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/ Appendix - A
PMF/PDF, expected values and variance of known Random Variables

'amilies o-
Distribution PMF or PDF Expectation Variance

P(1 – p)Bernoulli
X - BerGp) P„ (x) = }

x = 0. 1
(ltherwise P

Geometric
X - G eom(p) P X ( X ) = { 8 )( 1 P ) 1 1 ) : t ie A : i :

1 (1–P)

P2P

np
Binomial

X - Bin(n, p) P X ( X ) = { £= ) P 1 ( 1 P ) n x ) :: t : 0 ) 1 ) a B n ) n
rlp(1 – p)

Pascal/-ve Binomial

X - pascal(k, p) PX(,) = { S::)P'(t – p)*–* , –;V k

P

iT

k(1–p)

P2

AT
Poisson X -
Poisson(1)

P X ( X ) = } = r ) : ( i F ) ) = t :e : i S e

'*'„={ It;'“:'’-
Hyper Geometric

X - H(;em(r . g, n)
x = 0, 1, ... , min(r, n) rn

r +g

a+b

2

1

a

B) (1–S)otherwise.

Uniform (discrete)

X - unif (a, b) P x ( x ) = i f ) = t :e =s : 1 ) H p p ) b

(b–a)(b–a+2)

12

Exponential
X - exp(i) / X ( X ) = { i : X x ) : t i RIvr i S:

I

12

Gaussian

X - NCB,a=)
e/X(X) IT;a

0

(X-#)2

2' , –OO < X < +m
other\h'lse.

F a2

Uniform
(Continuous)

X - unif (a,b) „'*,=}i’
a < x < b

otherwise.

a+b

2

(b–a)2

12

Gamma
X - gant(r,i)

f g x ( x ) = { P 9 = = 1:vr i s e p

r
a

r
l2

..Y,(Xl, .,. ,X„J = [, )pI ...p;', *I = o, ... , „,OK i $ ,, E:=.xi = „0, otherwise.

,*(*)= f +, ==
XI+ -Ir 'Q, otherwise.

Multinomial Px-

Multivariate
Hyper geometric

Math 4'HI Page 3 of 8



Name
Conditional Frobability

Product Rule

Conditional Product
Rule
Sum Rule
Conditional Sum Rule

Bayes’ Theorem

Conditional Bayes’ The-
orern
)

Expected Value

Variance

Marginal PVIF

Covariance
melation
Correlation Coef:flcient

Conditional Distribution

Random Vector

Gaussian Random Vector

Appendix - B
General Formulas

O

P[AfB] = = P[BI > r)
HAT;m] ni'I
P[/11 '-' '4.] = P[„4ll'p[' I. IAl Al „' AIL–1]P[An

P[ABIC] = P[,4jC IJ’[BI.IC]

=––-TIDTl;tI– –
P[A] = =. P[AjB, IPJB;]

P[nIc] = >,T_, P[A Bi, C']P[Bi IC

T' IAI = R+ +
P[41 B 'cIPE BIC]

P[Bi I'4, C1 = E:_, PIAIB,,CIP[B, IC

=TP UPITPml

£TXl===sx Xn a
E[X] = Jl: xfxtx .'dx
= E[(X – in=BIt}=)–

f xi\xI = f:= fXYQx .ybdyno T =–WIRHz – Fx BY
I r vv = EFXYI

Cot> [X. Y]

LIm in
Px( x) = =,Pxly(x ip)Py (Y)

E[XI = =JE[xIV ;; yIP,(y)
fXYtx, Y) ; f X\YLx 1 Y)/y (Y)
/x(x) = fIx\Y(x\y If\ Cv)dy
r[x] = /E[XIV = yl/,-(y)'iy

/„,) = d/,(A–'(y -– b))
E[X] = [£[Xl] E[K21 .„
Rx = £[XXf I
Cx = E[fX – Fx)(X – Hx)T]
Cx = Rx – Px#xf
IfY = AX +b

E[X.]]’

Py = A#x + b
RY = ARxAT + (A,zx)br + b( A#x)r + bbT
cY = ACx AT

Txtx) = h T exp
E[X] = [E[Xl] £[V2 1 ..'
If Y = AX + b

– +(x – #,)TC?(x – #,)
ErX.]]’

Py = A#x + b
cY = ACxAT
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TabLe 7.1 100{1 – a3 Percent Corlii'.lence inte -val3

X1. , . . . X„ \ .\- (II . a:) X= yJx //n. S

rt

:( X,' – X)2/(n – I)

A§§urnp:
Mon

Parame
ter

GoAfide&b&
tm{©rvai

L&w©firqbrv©i

a : known Il

a2 unknown /4
X-': / C/ JI

5

tTl (–* **„-„, i ) ('–'„.„–':...-)

Il unknown if .,+) (''

l
{II – 1 )S

;
-1- I –a. Il P.„)(

Tabte 7.2 100( 1 – a) Percent Conf 'dence Intc rval3 for II I – x12

X 1. . . . . X„ - -\-LB 1 . '712 )

71 . . . . , Fm -A’Cp2. aj)

– X):/(n – 1 )

– Y ):,/{nI – 1 )

As£umpU©n G©faide&ee}aterval

al, a2 known R -–T + :. FI< ai / n + a} / m

T T HHab][ f w r Hf 2 H A + I / I : \1 ( 1 F J )

ai , a2 unknown but equal

As$ural>tion

al , al known (–x, .Y – t- + :„, < a{ / / I + d/m)

–*.=–'*„-„=„–=,'(;*:)
Note, Upper conflaen£e intervals for B1 – 112 are obtain-d troT lower confIdence ntervals for B2 – B1

al , a2 unknown but equal

Table 7.3 ApproxImate 100(i -– a)
Entervals for p
X is a Binomial [/z. pl FRandorr Va:

Percent Confidence

able i) = X/n

Type of In{©rvat

b+: a/2 \ Dt\ – bb / n
(–H. D+:., JH:T;)One-sided lower

One-sided upper
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Table 8.1 Xl

E. Xi //zi= 1

. . . . X„ is a Sample from a (p. a2) Population, a2 is Known,

Test Statigtic TS; § ig&if}cai%ce
L8v ei <E':T© b{

Ntl 1' # /'( J -" I;iiI:- /“o 1/„/J

Fr $ FIn }I > FIt\ V5 t X ILo\ jn
RIbLb K < KO JfX /'oJ/a
Z iS a standard norrPa I. random variable

Re)ec if / Sg :. _-„ .I

Re]eb if 7- Sb :„
Raec

2 /J{/ 3 if i }

PV e /}
P{/ Sr}

X„ isTable 8.2 Xl
/Z

/7

Ef X1//752 E (x/X
1= =1

11 i t

a Sample from a (,I, a:) Population, a2 is Unknown,

– X ):/f/z – 1)

K = Bn IL + klV a tR – HO)/ S Reje3t K gTS i -- t..- I. „ _. ] 2 P \Tri - i =

iii}

P \Tn 3 r }}1 S PO Ft > PO vS tX – HO )/S Reject if rs -> r„ ~_1

vT( .v Reject if I' S < –4,. „FoI/ SIL 3 P!) IL < HCI

T„_1 iS a t-random var able v/:th n – 1 degrees of freedc m: PIT„_1 -> t„. „I } = a

P \Tn $ 1 }

X„ ts a Sample from a (jl 1 . 'TF) PopulationTabLe 8.4 X 1

pIe from a (HZ. al) Population

The Two Population Samples Are tndepend€ nt to Test
Ho : PI = H2 vefsus Ho : Ft 1 + FI

ti' Ge

.ba :
a : / n + 0: /r?I

YI . . . . . Y„, is a Sam-

Ori , al

known

arI = Or2

Reject it TS 2P{Z ? I/}}

T– }’

V’ '"– I ';ILl:TI– 1)sj ,.n
A' -- t’

Reject it r S > r„ :' „ I 2P{7'rt bm 2 : jr ! }

n, m large Q Reject it -I- S 2P{Z ? }/}}
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''J = '“ '- = .}„ JT„'–::"'*"

TABLE iII

a. I
C}.2

0.3

OH

o.S

C).6

0.7
(3.8

o.9

1 .0
I.i
1.2
1.3
1.4

1.5
t .6
1.7

1.8
1.9
1.a

2.i
2,2
2-3

2'4
2.5
2.6

2]
2.8

2.9
3.C)
3. 1
3.2
3.3
3.4

3,5
3.6
3.7

3.8
3.9

C'UITltllati\c Standard Normal Distribution ( tI tit 1\

C),539828

0.579260

o,6 L7911
0.65542:
C).691463

0.725747

0.758036

0.788 145

O'S 1 594£)

a. 841345

0.SG+334

0.8S4930

a903 1 99

0.919243

a,933193

t:>,9452(it

a.955435

Q.M)70
8.971283

o.977250

0.9821 36

0.986097

{}.989276

o. W){80:
0.993790

O.W533')

0.!D6533

0.997445

0.998 1 34

o.998650

a.999032

0.9993 1 3

{}.W95 1 7

a.999663

o.999767

Q.W984 1
C).999892

0.W9=s
o.999952

0.6 { 4092

o.65 1 732.

0.687933

0.723405

0.754903

0,785236

0.8 1 3267

Q+838913

o.862 : 43
0+88:977

O.9ei475

0.917736
0.931888

o.944083

0.95++86
0.963273

o,9706? i
0.976705

0.98 1 69 1
C1385738

Qa989{>89

o.99 i 576
0.9936} 3

0.995201

0.996.427
0.997365
0.998074

0.998605

o.998999

0.999289

o.999499

o.999650
o.999758

C).999835

O,999888

0.999925

0.999950
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TA§L£ V

2

3
4

5

6

7

8

9

1<:1

11

12

13

}4

IS

16

}7

18

}9
2()

2}

!!
23

24

IS

26

27

28
29
30
4()

6()

120

DO

Percentage Points tH t. tIf the f 1)iS{!'ibUtion

,8 t&

.lbS
,741

111
;718

.7 II

.706

.703

.760
697

.695
.694

,692

.69)

.690

.889

.688

,688
.687
.686
'686

.68 S

685

.684

.684

.684

.683

.683

683

.68 1

.679

.677
674

.289

.277

.27 1

. 267

.265
.263

.262

,261

260

.260

,259
.259
.258

.258
258

.ISI

,257

257

,257

P_SI

356

.256

.256

.:$6

.254
253

1 .886

} ,638

1.533

1.476

1.440

1 .4 IS

1.397

} .383

1 .37::
1.363

} .356
1.350

] ,345

1.341

1 .337

} ,333

1 .330

1 ,328

1,325

1.323

1.3;1 1

i.319
1.318

1.316

1.315

i.3 14

i.313
1.31 ]

1.3 tO

1 .303

} .296

1.289

i .282

2.9:0

3.353
2. i 32

2.0 iS

i .943

1.895

1 .88C}

1.833
1.8 t 2

1.796

1.782

\ I1 1

].76i
1.753

1 .746

3.740
} .734

1.729

i .725

} . 72 ]

1.7 ) 7

} ,7 1 4

1.7] 1

1.708

} .786

3.703

1 .70 !

1.699

}\697

1.68+

1 .6? 1

1.65g
i .645

ex.965

4,$4 1
S .747

3.365
{. i43

2.998

2.89$

2.$2 !

2,7&#

I1 } 8

2.68 }

2A5P

2.624
2.6{XZ

2.583

2.567

2.552,

2339
2:528
2.518
2.5(>8

2+rP5€:W

2.492

2.485

}.479
2.473

2.467

3.462

'2.4$7

2.423
2.390

2.358

3.3 26

4.:$03

3,182

2.776

2.57 1
2,447

2,:365
2.306

2.262

2,228

2.20 i
?„}?9
2. 160

2.343

2.13]

2.120
2.}}o

:2.}C}}

2.093
2.086

2.ogO

2.074

2.069
2.aM

2.06 F)

2.056
2.{}52

2,048

2.. CBS

2.042
2.02 1

2,0€X3

i .980

1 .96{}

9.92 S

5.84}
4.604

4.032.
3 IOI
3.499

3.355

3.250

3. t69
:+, 106

3,055

3.a12

2.977

2.947

2.92]

2.898

2.878

2m8§i

2.845

2.831

2.8 19

'2.§a7

2.797

2.787
2.779

2.771

2.763

2.756

2.750

2„7W
2.660

2,617

2,SIG

14.089

7.453

5.598
4.773

4.317

4.029
3.833

3.690

3.58 }
3.497

3,42,g

3.372

3.326

3.286

3.252

3.222

3, 197

3.174

3.153

3. J 35

3. 1, iq

3.}{}4
3.09 ]
3.078

3.067

3.057

3_047

3,038
3 .030
2..97 i

2.9 IS
2.860

2.807

23.326

}o.2 ]3

7. {73

5.893
5.208

4.785
4.St)I

4.297

4.144

4.025
3„930

3,852
3.787

3.733

3.686

3,646

3,6}a
3.579

3.552

3.527

3.50 S

3.485

3.467
3.4SC}

3.435

3.42}
3.4€3g

3.396

3.385

3.307

3.232

3,160
3.090

HR
\

++

31.598
J 2.924

8.6}{)

6.869
5.959

5.408

S.{}4}
4.781

4.587

4.437
4.318

4.221

4.14 C)

4.073

4.o IS

3.965

3.922
3,883

3.850

3.8}9
3,792
3 Ihl

3.745
3.725

3,707

3 ,69{}

3.674

3.659

3.646

3.55 !

3.460

3.373

3.29 i
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