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Math 4441: Probability and Statistics
not allowed. Do not the question paper.
Answer all 7 (seven) questions. Figuresin the right marein indicate fll marks of quesions with
Gorresponding COs and POs in pareniheses. Assume any missing values.
1. a) There are 100 questions in a test. Suppose that, for all s > 0 and ¢ > 0, the event thatit 10

takes  minutes to answer one question is independent of the event that it takes s minutesto (€01}
answer another one. If the time that it takes to answer a question is exponential with mean (P01
1/2, find the distribution, the average time, and the standard deviation of the time it takes to

do the entire test.

b) Suppose that b s a random number from the interval (=3, 3). Determine the probability that 10
the quadratic equation x? + bx + 1 = 0 has at least one real root. o
ro1)
©) The scores on an achievement test given to 100,000 students are normally distributed with 10
mean 500 and standard deviation 100, What should the score of a student be to place him (0D
among the top 10% of all students? (pon)

2. A coin, having probability p of landing heads, is continually flipped until at least one head and
one tail have been flipped (o
#02)
a) Find the expected number of lips needed 10
b) Find the expected number of lips that land on heads. s
) Find the expected number of flps that land on tais. 5
d) Repeat Question 2.a in the case where flipping is continued until a total of atleast two heads 5

and one tail have been flipped.

) LetXand ¥ beindependent xponential random variabes, each with parameter A. Findthe 10
distribution function of X + (con
(*02)
b) Suppose that the time it takes for a novice secretary to type a document is exponential 10
mean 1 hour. If at the beginning of a certain eight-hour working day, the secretary receives (€O
1o type, find finish them all by the end of the day. ~ ("O1

4. LetXis a 3-dimensional Gaussian random vector with expected value ux = [4 8 6]" and co-
variance matrix con
won)
a) Calculate the correlation matrix, Ry, 4
b) Calculate the joint PDF of the first two components of X, f, x,(x;, ). 7
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©) Caleulate the covariance matrix of Y = AX + b, where

112 23
A [1 Ja 5 andb=
5. a) Suppose X is a discrete random variable witl: the inllrm\ngpmbabm!y mass function: 10
T (o3
(#03)
{I’ 6] Z(VLLB/ (20 s)/ﬂ(lfe)/z
where 0 < 8 < 1is a parameter. The following 10 independent observations were taken
from such a distribution: (3,0,2,1,3,2,1,0,2,1).
Find the maximurm likelihood estimate of the parameter &.
b) Suppose X, X, . X, areiid i fune- 10
tion: (co3)
(0

. for — o0 < x < oo
otherwise.

Sx(xlo) = ,
Find the maximum likelihood estimate of o.

6. a) Apple Tree Supermarket is considering opening a new store at a certain location, but wants. 8
to know if average weekly sales will Apple: (c03)
at nearby stores by sending field workers to collect observations. The field workers collect ~ (P0%)
40 samples and arrive at a sample mean of $263,500. Suppose the standard deviation of the
sales is known to be $42,000. Find a 90% confidence interval for the population mean .

b) Suppose we monitor and without music.
ple average number of lines ot code produced without music is 195 and with music thatis (0%
185. Suppose the population variances for both cases are known and have respective values (PO
of 580 and 444 for programmers without and with music. Find the 95% confidence interval
for the difference of average number of lines of code produced without and with music.

7. a) Bottles of mango juice nominally contain 1000 millilitres. After the introduction of a new
‘method of flling the bottles, there s a suspicion that the mean volume of mango juiceina (€03
bottle has changed. (p04)
In order to investigate the suspicion, a random sample of 12 bottles of mango juice is taken
and the volume of mango juice in each is measured.
‘The volumes, in millilitres, of mango juice in these bottles are found to be:
996 1006 1009 999 1007 1003
998 1010 997 996 1008 1007
Assuming that the volume of mango juice in a bottle is normally distributed, investigate, at

1000 milllitres

b) An independent testing agency was hired to study whether or not the work output is differ- 12
ent for consieuction workersemployed by th state and ecehing pevallng wages verss (009
construction workers in are Fon,
A sample of 10 state 1 0f69.7 parts per hour with a sample

standard deviation of 18 parts per hour. A sample of 10 private sector workers reveals an av-

erage output of 74.3 parts per hour with a sample standard deviation of 16 parts per hour. In

develnpmg oo aneves you may acme that the unknown variances are equal. Construct
atthe 0.1

L ifference i the pmdnclivlly level of the iat and private sector workers. Also, find the

prvalue of the test
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Appendix - A

PMF/PDF, expected values and variance of known Random Variables

Families of

PMForPDF

Bernoulli B (1 - )"’ x= -
o I LA = ’ 0 =p
Geometric p(1 - py- ', x=12 ' 1-s
X ~ Geom(p) Pax) = ! P hervase B o
Binomial { PP, c=01,..,
P =] G n np(1 ~
X ~ Bin(n,p) K@ =] o otherwise. v e
Pascall-ve Binomial | (. { COP-pr* x=kk+1, x
X ~ pascal(k,p) | * 0, otherwise. ’
Poisson X ~ (C2iai}
Pelr) =] T x20 T ar
Poisson(4) { o, otherwise.
Hyper Geometrie | o | QD o —01 minrm) m | 2y
X ~ HGem(r,g.n) | D< 1 e P [
Uniform (discrete) B x=aa+l,..b as
X~unifa) | PO e B
Exponential _f e x» i X
X ~ exp(d) /x(x),{ ngﬁemse 3 1
Gaussian 2
- NGe o /xmAl e “ 7
X~ NGoh otherwise.
Uniform
(Continuous) fx=] 5 aSx<b o ot
X ~ unif(a,b) 0, otherwise. 2 1z
Gamma it
X ~ gam(r, 1) =] " *20 : -
otherwise. N N

(;2,)"’ Py X =000

Multinomial Py,
otherwise.
Multivariate 1,..., min(r, n)
Hyper geometric R
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Appendix - B
General Formulas

| Product Rule
Conditional Product
Rule

PLAA, . A y]

[Bayes” Theorem

Condifional Bayes' The-

orem P[BlAC] = PlA|
[Tndependence of Events | pm} mﬁ%‘m o
Expected Value ART= Zg;_s. xPx(
EIX] = [ xfx(0dx
[Variance | VarlX] =B[(X - &
Marginal PMF Pr) = Tes, P!
S50) = I Fy (e y)dy
[Covariance | CoulX, YT = BI(X — k(Y — i) = EIXYT = filly |
[ Correlation o SENY] -
Correlation Coefficient | o, L

P
—
ixy(x ) = Py (P 0)
(X

Z, Par (x19)Py ()

Conditional Distribution o

x( 'T
E[X] iwm E[X] . EX,0"
Ry = E[XXT]

Random Vector

Hy = Aux+b
ey =AcaT
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Table 7.2 10011 — a) Percent Confidence Intervals for iy — iz
Xieoo Xy~ Nur.of)
i~ N2, o)

o -Ba-1

1,02 kown (o, X~V 2o/ ad/m)

] R (==

Joper confidence ntervals for 1 — uz are obtained from lower confidence ntervals

Table 7.3 Approximate 100(1 - @) Percent Confidence
Intervals for p
X1s a Binomial (n p) Randorn Var able = X/n

Two-sded o P = PO/
One-ssafower (=m0, e/ FT=F7m)
One-sided upper (= HT = pi7n. )
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Table 8.1 X|,....X, Is a Sample from & (u,o?) Population, 6 Is
X=Y Xi/n
|

2Pz 2 1))

n=po p# e X = pofe Reject if 75|
wsm wmo ViX-polo Reecti( 75>z, PIZz1)
wzu p<po JiX - polfo Reject i 75 < Pizzn

WE0 VAX - po)/S RS ITS| > taa 1 2T 2
it
nsuo  wemo JEK-po/S  RERSHTS >ty Pl =1
nzmo  w<mn iR -po)/S et IS < i Pllp =1
1153 (-random variable with n — 1 degrees of reedcm: PTy-i > fan-i| =

Table8.4 Xi..... X, Isa Sample from a iy 7)) Population ¥i..... ¥,y Is 3 Sam-
ple from a (u2, o3) Population
The Two Population Samples Are Independent to Test

2 versus Ho' ju1 # ko

Reject f TS 2P(2 2 1))

Relect t 71> tonim-2  2PUTaim-22 It}

Reject if TS 2P(Z 2 1))
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Percentage Points 1, of the ¢ Distribution
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