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‘There are 6 (six) questions. Answer all the questions. Al questions carry equal marks. Marks in the
‘margin indicate full marks. Programmable calculators are not allowed. Do not write on this question
paper. Symbols and acronyms have their usual meanings.

1. a) Xis the 3-dimensional Gaussian random vector with expected value px = [4 8 6]’
and covariance

Calculate
i) The correlation matrix, Rx

) The PDF of the first two components of X, fy, x, (x1, ;)
i) The probability that X, > §

b) Given the Gaussian random vector X in question 1(a) above, ¥ = AX + b, where,
Azt 12 23
“ho-12 2
andb=(-4 -4
Calculate
i) The expected value, py
i) The covariance, Cy
iii) The correlation, Ry
V) The probability that ~1 < ¥ < 1
2. ) Deerticks can carry both Lyme disease and human granulocytic chrlichiosis (HGE). In a
study of ticks in the Midwest, it was found that 16% carried Lyme discase, 10% had
HGE, and that 10% of the ticks that had either Lyme disease or HGE carried both
diseases
i Find the probability P[LH] that a tick carries both Lyme disease (L) and HGE(H).
i Find the conditional probability that a tick has HGE given that it has Lyme
disease.
b) Monitor a phone call where classify the call as a voice call (V) if someone is speaking, or

a data call (D) if the call is carrying a modem or fax signal. Classify the call as long (L) if
the call lasts for more than three minutes; otherwise classify the call as brief (B). Based
on data collected by the telephone company, we use the following probability model:
P[V]=0.7, P[L]= 0.6, P[VL]= 0.35. Find the following probabilities:

i P[DL], i P[DUL),

iii. P [VB], .P[VUL]

v. P[VUD], vi.P[LB]

@

13
(o3
PO2)

12
(o3
PO2)

10
(cot
Po1)

9
(co1
POI)



©) In a cellular phone system, a mobile phone must be paged to receive a phoné, call
However, paging attempts do not always succeed because the mobile phone may not
receive the paging signal clearly. Consequently, the system will page a phone up to three
times before giving up. If a single paging attempt succeeds with probability 0.8, sketch a
probability tre for this experiment and find the probability P[F] that the phone s found.

@) A radio station gives a pair of concert tickets to sixth caller who knows the birthday of
the performer. For each person who calls. the probability is 0.75 of knowing the
performer’s birthday. All calls are independen.

i. Find the PMF of L, the number of calls necessary to find the winner.
ii. Find the probability of finding the winner on the tenth call,
Find the probability that the station will need nine or more calls to find a winner.

b) Xis a continuous uniform (~5,5) random variable.

i) Find PDF fy(x).

ii) Find CDF Fy (x).
i) Find E[X].

iv) Find E[X°]

v) Find E[e¥].

Find joint probability mass function and marginal probability. For a constant a > 0,
F

random variables X and Y have joint PDF

:[1/a2 Osxsa 0sys<a
0

fur (e otherwise.

Find the CDF and PDF of random variable

W = max

b) Random variables X and Y have joint PDF

52 .
fluy) = {5 “1Sr<1 osysa,
otherwise.

i Find E[X] and Var[X]
Find E[Y] and Var[Y]
Find Cov]X, Y].

Find E[X +].

V. Find Var[X +Y]

) Jand K are independent random variables with probability mass functions

02

05k
P =105 k=1,
0 otherwise, 0 otherwise.

Find the MGF of M = J + K. Also find E[M®), E[M*] and Py, (m).
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In a production line for 1000 2 resistors, the actual resistance in ohms of each resistor is
a uniform (950, 1050) random variable R. The resistances of different resistors are
independent. The resistor company has an order for 1% resistors with a resistance
between 990 € and 1010 ©. An automatic tester takes one resistor per second and
measures its exact resistance. (This test takes one second). The random process N(t)
denotes the number of 1% resistors found in t seconds. The random variable T, seconds
is the elapsed time at which r 19% resistors are found.

i Find p, the probability that any single resistor is a 1% resistor.
i, Find the PMF of Nt
i, Find E[T1] seconds, the expected time to find the first 1% resistor.
iv.  Find the probability that the first 1°% resistor is found in exactly S seconds.
V. If the automatic tester finds the first 1% resistor in 10 seconds, Find E[T2[TI=10],
the conditional expected value of the time of finding the second 1% resistor?

Consider an experiment that produces a Bernoulli random variable with probability of
Success g. In order to estimate g, we perform the experiment that produces this random
variable 7. In this experiment, g is a sample value of  random variable, 0. with PDF

_(6a(1-q) 0=q<1
fo@= {5 otherwise

In Appendix A, we can identify Q as a beta (i = 2, j = 2) random variable. To estimate Q'
‘we perform 1 independent triais of the Bemnoulli experiment. The number of successes in
the  trials is a random variable K. Given an observation K = , evaluate the following
estimates of O

i The blind estimate g,

i, The maximun likelihood estimate Gy,

fii. The maximum a posteriori probability esnmale Guar(k).

A telemetry voltage V. transmitted from a position sensor on a ship's rudder, is a random
variable with PDF

_(/12 -6<vs6
W0 = {7 i,

A receiver in the ship's control room reccives R = V + X, The random variable X is a
Gaussian (0,v3) noise voltage that is independent of V. The receiver uses R to calculate
alinear estimate of the telemetry voltage:

V=aR+b
Find

expected received voltage E[R],
ii.the variance Var[R] of the received voliage,

i the covariance Cov[V, R] of the transmitted and received voltages,
iv. a* and b*, the optimum coefficients in the linear estimate,

V. e*, the minimum mean square error of the estimate.
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Appendix A

A.2 Continuous Random Variables
Beta (i, j)
For positive integers i and }, the beta function is defined as

+ji-1
(l =D =1

Bl )=
Fora (i, j) random vaiable X,

fe 7[ Bl X1 -x)"! 0<x<1
“lo

otherwise

EXI=




Appendix B

Table for The standard normal CDF

7 %@z %@z %@z 0@z @@z %@|
000 05000 | 050 06915 | 100 08413 09332 097725 | 250 09937 |
001 0500 | 051 06950 | 101 08438 05345 097778 | 251 05939
002 05080 | 052 0985 | 102 osssl 09357 os78 [ 252 090413
003 05120 | 053 07019 | 103 084ES 05370 07882 | 253 099430
004 Osier | 054 07058 | 104 08508 09382 omm | 258 0905
005 05199 | 055 07088 | 105 0883 09364 097982 | 255 05946t
006 0529 |06 07123 | 106 0855 o 098030 | 256 099477
007 o0s79 | 057 07157 | 107 08577 0418 098077 | 257 099492
0068 05319 | 058 07190 | 108 08599 05429 098126 | 258 099506
009 0539 | 059 07228 109 08621 09441 098169 | 259 099520
010 05398 | 060 07257 [ 110 08683 05452 o984 | 260 099534
o1 ose |06 0791 [ 111 08665 03463 098257 | 261 059547
012 0se7 | 062 0734 [ 112 08sss 05474 095300 | 262 099560
o013 0317|063 07357 113 08708 05484 098341 | 263 099573
016 0559 | 064 07389 | 114 0819 05495 098382 | 264 099585
015 ossos | 065 07422 | 115 0870 oss0s o9saz2 | 265 099598
016 0s6% | 066 07454 | 116 0870 o015 098461 | 266 099609
o oses 067 07486 | 117 08™90 09525 0gssoo | 267 099621
o1 0574 [ 068 07517 [ 118 08810 09535 008537 | 265 099632
015 05753 | 069 07549 | 119 08830 09545 098574 | 269 099643
020 05793 | 070 07580 | 120 08349 05854 098610 | 270 099653
o021 os2 |07 0761 [ 121 0886 0054 098645 | 271 0.

oz osen [om o762 |12 08sss 09573 ossen | 272 099674
02 0910|073 07673 | 123 08907 09582 098713 | 273 0:

026 0so4s | 074 07704 | 124 08925 09591 098745 | 278 099691
025 0so7 | 075 07734 | 125 03%4 09559 098778 | 275 099702
026 06026 | 076 07764 | 126 08962 09608 008809 | 276 059711
021 oot [077 0794 | 127 08980 09616 098840 | 277 099720
028 06103 | 075 07823 | 128 08997 03625 098870 | 278 09978
029 o641 | 070 07852 | 129 09015 0363 098899 | 279 09973
030 o679 | 080 07881 | 130 09032 05641 098928 | 280 099744
o031 067|081 0710 | 131 05049 0560 098956 | 281 099752
om oss [om 0793 (132 0966 09656 098983 | 282 099760
033 06293 | 083 07967 [ 133 09082 09664 090010 | 283 099767
03 o061 | 084 07995 [ 134 0 0671 099036 | 288 09974
035 oes | 085 08023 | 135 091s 05678 ooo061 | 285 099781
03 066|086 08081 | 136 0911 09686 090086 | 286 099755
o3 06w |om oss 137 09147 09653 00111 | 287 099795
03 0640 [ 088 08106 [ 138 09162 09659 099134 | 285 099801
039 06517 | 08 08133 | 139 09177 05706 099158 | 289 099807
040 06554 | 090 0815 | 140 09192 osm3 080 | 290 099813
041 0o | 091 0sigs | 141 09207 09719 | 241 059202 | 291 09818
0@ o6 |09 o | 092 0m6 | 242 099224 | 292 099M8
043 0es6s | 093 0828 | 10 09236 o972 | 243 099245 | 293 099831
04 06700 | 094 08264 | 144 09251 00738 | 204 099266 | 204 09983
045 06736 | 095 05289 | 145 09265 074 | 245 099286 | 205 099841
o046 0572 | 096 0ais | 14s 09270 09750 | 246 099305 | 296 099846
047 06806 | 097 0530 [ 147 09292 09756 | 247 099128 | 297 099851
048 06844 | 095 08365 | 148 09306 0761 | 248 099343 | 298 099856
049 0687 | 059 0839 | 149 09319 | 199 09767 | 249 099361 | 299 09961

The standard normal CDF ®(y)




